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•  biased	  randomness	  	  	  à	  	  	  unbiased	  randomness	  

•  counterintuiFve	  probabiliFes	  
–  a	  simple	  2-‐player	  dice	  game	  (a	  triple	  or	  two	  straight	  doubles?)	  
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•  fair	  heads	  or	  tails	  with	  a	  “concealed”	  biased	  coin	  
–  how	  not	  to	  do	  it	  
–  how	  to	  do	  it	  
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more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write
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We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
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and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.

3

more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write

Pr{E2,2} =

 
X

i2⌦

p

2
i

!2

, (1)

and

Pr{E3} =
X

i2⌦

p

3
i . (2)

We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]

 
X

i2⌦

xiyi

!2


 
X

i2⌦

x

2
i

! 
X

i2⌦

y

2
i

!
.

Setting xi = p

3/2
i and yi = p

1/2
i , we obtain

 
X

i2⌦

p

2
i

!2


 
X

i2⌦

p

3
i

! 
X

i2⌦

pi

!
=
X

i2⌦

p

3
i

as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.

3

more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write

Pr{E2,2} =

 
X

i2⌦

p

2
i

!2

, (1)

and

Pr{E3} =
X

i2⌦

p

3
i . (2)

We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]

 
X

i2⌦

xiyi

!2


 
X

i2⌦

x

2
i

! 
X

i2⌦

y

2
i

!
.

Setting xi = p

3/2
i and yi = p

1/2
i , we obtain

 
X

i2⌦

p

2
i

!2


 
X

i2⌦

p

3
i

! 
X

i2⌦

pi

!
=
X

i2⌦

p

3
i

as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.

3

more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write

Pr{E2,2} =

 
X

i2⌦

p

2
i

!2

, (1)

and

Pr{E3} =
X

i2⌦

p

3
i . (2)

We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]

 
X

i2⌦

xiyi

!2


 
X

i2⌦

x

2
i

! 
X

i2⌦

y

2
i

!
.

Setting xi = p

3/2
i and yi = p

1/2
i , we obtain

 
X

i2⌦

p

2
i

!2


 
X

i2⌦

p

3
i

! 
X

i2⌦

pi

!
=
X

i2⌦

p

3
i

as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.

3

more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write

Pr{E2,2} =

 
X

i2⌦

p

2
i

!2

, (1)

and

Pr{E3} =
X

i2⌦

p

3
i . (2)

We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]

 
X

i2⌦

xiyi

!2


 
X

i2⌦

x

2
i

! 
X

i2⌦

y

2
i

!
.

Setting xi = p

3/2
i and yi = p

1/2
i , we obtain

 
X

i2⌦

p

2
i

!2


 
X

i2⌦

p

3
i

! 
X

i2⌦

pi

!
=
X

i2⌦

p

3
i

as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.

3

Perfectly loaded dice. Suppose the die was manufactured in such a way
that the same side always ends upwards after a throw, e.g. p1 = 1, and pi = 0
for i 2 {2, . . . , n}. Of course both strategies will score a point at each and every
sequence of throws, and the game will almost certainly end in a draw. As in
the perfectly fair case, there is no preferable strategy.

Coins. We now focus on the case n = 2 and call our die a coin. We are
interested in the function d : [0, 1] ! [0, 1] that quantifies the advantage d(p) =
Pr{E3}�Pr{E2,2} of playing for a triple when the probability of our coin landing
heads is p. By making p1 = p and p2 = 1� p in (1) and (2), we obtain

d(p) =
⇥
p

3 + (1� p)3
⇤
�

⇥
p

2 + (1� p)2
⇤2

= �4p4 + 8p3 � 5p2 + p.

It is now easy to see (Figure 1) that d has minimum value 0 at p 2 {0, 0.5, 1}
as expected, and maximum value 0.0625 at p = 1/2± 1/(2

p
2) ⇡ 0.5± 0.3536.

In other words, 6.25% is the largest possible probabilistic advantage that can
be obtained in this game1. This is achieved by the player who plays for a
triple when the probability of the coin landing heads (or tails, by symmetry) is
approximately 85.36%.

Figure 1: Advantage of playing for a triple as a function of p

3 Seemingly irrelevant knowledge.

Let us look at a di↵erent experiment. Someone throws a die with n � 2 sides
three times in a row, and writes down the sequence of results, calling them A,B,
and C. You want to guess whether C = B. Does it make any di↵erence if you
are told that B 6= A?

1
Should a winning margin of 6.25% appear to be rather small, compare it with the casino’s

winning margin of 5.26% in the American roulette, and of only 2.70% in the European roulette.

Yet, we do not see casinos going bankrupt quite too often!
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more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write

Pr{E2,2} =
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Perfectly loaded dice. Suppose the die was manufactured in such a way
that the same side always ends upwards after a throw, e.g. p1 = 1, and pi = 0
for i 2 {2, . . . , n}. Of course both strategies will score a point at each and every
sequence of throws, and the game will almost certainly end in a draw. As in
the perfectly fair case, there is no preferable strategy.

Coins. We now focus on the case n = 2 and call our die a coin. We are
interested in the function d : [0, 1] ! [0, 1] that quantifies the advantage d(p) =
Pr{E3}�Pr{E2,2} of playing for a triple when the probability of our coin landing
heads is p. By making p1 = p and p2 = 1� p in (1) and (2), we obtain

d(p) =
⇥
p

3 + (1� p)3
⇤
�

⇥
p

2 + (1� p)2
⇤2

= �4p4 + 8p3 � 5p2 + p.

It is now easy to see (Figure 1) that d has minimum value 0 at p 2 {0, 0.5, 1}
as expected, and maximum value 0.0625 at p = 1/2± 1/(2

p
2) ⇡ 0.5± 0.3536.

In other words, 6.25% is the largest possible probabilistic advantage that can
be obtained in this game1. This is achieved by the player who plays for a
triple when the probability of the coin landing heads (or tails, by symmetry) is
approximately 85.36%.

Figure 1: Advantage of playing for a triple as a function of p

3 Seemingly irrelevant knowledge.

Let us look at a di↵erent experiment. Someone throws a die with n � 2 sides
three times in a row, and writes down the sequence of results, calling them A,B,
and C. You want to guess whether C = B. Does it make any di↵erence if you
are told that B 6= A?

1
Should a winning margin of 6.25% appear to be rather small, compare it with the casino’s

winning margin of 5.26% in the American roulette, and of only 2.70% in the European roulette.

Yet, we do not see casinos going bankrupt quite too often!
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B ^ C = D}  Pr{A = B = C}.
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As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
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and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Perfectly loaded dice. Suppose the die was manufactured in such a way
that the same side always ends upwards after a throw, e.g. p1 = 1, and pi = 0
for i 2 {2, . . . , n}. Of course both strategies will score a point at each and every
sequence of throws, and the game will almost certainly end in a draw. As in
the perfectly fair case, there is no preferable strategy.

Coins. We now focus on the case n = 2 and call our die a coin. We are
interested in the function d : [0, 1] ! [0, 1] that quantifies the advantage d(p) =
Pr{E3}�Pr{E2,2} of playing for a triple when the probability of our coin landing
heads is p. By making p1 = p and p2 = 1� p in (1) and (2), we obtain

d(p) =
⇥
p

3 + (1� p)3
⇤
�

⇥
p

2 + (1� p)2
⇤2

= �4p4 + 8p3 � 5p2 + p.

It is now easy to see (Figure 1) that d has minimum value 0 at p 2 {0, 0.5, 1}
as expected, and maximum value 0.0625 at p = 1/2± 1/(2

p
2) ⇡ 0.5± 0.3536.

In other words, 6.25% is the largest possible probabilistic advantage that can
be obtained in this game1. This is achieved by the player who plays for a
triple when the probability of the coin landing heads (or tails, by symmetry) is
approximately 85.36%.

Figure 1: Advantage of playing for a triple as a function of p

3 Seemingly irrelevant knowledge.

Let us look at a di↵erent experiment. Someone throws a die with n � 2 sides
three times in a row, and writes down the sequence of results, calling them A,B,
and C. You want to guess whether C = B. Does it make any di↵erence if you
are told that B 6= A?

1
Should a winning margin of 6.25% appear to be rather small, compare it with the casino’s

winning margin of 5.26% in the American roulette, and of only 2.70% in the European roulette.

Yet, we do not see casinos going bankrupt quite too often!
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Coins. We now focus on the case n = 2 and call our die a coin. We are
interested in the function d : [0, 1] ! [0, 1] that quantifies the advantage d(p) =
Pr{E3}�Pr{E2,2} of playing for a triple when the probability of our coin landing
heads is p. By making p1 = p and p2 = 1� p in (1) and (2), we obtain

d(p) =
⇥
p

3 + (1� p)3
⇤
�

⇥
p

2 + (1� p)2
⇤2

= �4p4 + 8p3 � 5p2 + p.

It is now easy to see (Figure 1) that d has minimum value 0 at p 2 {0, 0.5, 1}
as expected, and maximum value 0.0625 at p = 1/2± 1/(2

p
2) ⇡ 0.5± 0.3536.

In other words, 6.25% is the largest possible probabilistic advantage that can
be obtained in this game1. This is achieved by the player who plays for a
triple when the probability of the coin landing heads (or tails, by symmetry) is
approximately 85.36%.

Figure 1: Advantage of playing for a triple as a function of p

3 Seemingly irrelevant knowledge.

Let us look at a di↵erent experiment. Someone throws a die with n � 2 sides
three times in a row, and writes down the sequence of results, calling them A,B,
and C. You want to guess whether C = B. Does it make any di↵erence if you
are told that B 6= A?

1
Should a winning margin of 6.25% appear to be rather small, compare it with the casino’s

winning margin of 5.26% in the American roulette, and of only 2.70% in the European roulette.

Yet, we do not see casinos going bankrupt quite too often!
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and C. You want to guess whether C = B. Does it make any di↵erence if you
are told that B 6= A?

1
Should a winning margin of 6.25% appear to be rather small, compare it with the casino’s

winning margin of 5.26% in the American roulette, and of only 2.70% in the European roulette.

Yet, we do not see casinos going bankrupt quite too often!
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,
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The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.
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independent.
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upwards, then of course there cannot be the case that two results do no
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pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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match. Our comparison would be pointless.

5

Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.

5

Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.

5

Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.

5

Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.

5

Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.

5

Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.

5

Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.

5

=	   =	  



Seemingly	  irrelevant	  knowledge	  

	  
	  
	  	  
	  
	  
	  
	  	  

Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.
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it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.

5

Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.

5

Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.

5

Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.

5

Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.

5

=	   =	  
≤	  



Seemingly	  irrelevant	  knowledge	  

	  
	  
	  	  
	  
	  
	  
	  	  

more formal discussion.
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Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write
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We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to
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and therefore also to
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Because the variables are independent, we have
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and

Pr{C = B = A} =
X
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p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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of their sample space or one of the possible outcomes occur with probability 1.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write
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We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X
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p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦
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i (3)

and
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Pr{C = B 6= A}
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The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write
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We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]

 
X

i2⌦

xiyi

!2


 
X

i2⌦

x

2
i

! 
X

i2⌦

y

2
i

!
.

Setting xi = p

3/2
i and yi = p

1/2
i , we obtain

 
X

i2⌦

p

2
i

!2


 
X

i2⌦

p

3
i

! 
X

i2⌦

pi

!
=
X

i2⌦

p

3
i

as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =
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i2⌦

p2i
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, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.
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The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write
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We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.

3

Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write
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We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.
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matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.

3

Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.
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and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.
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. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write

Pr{E2,2} =
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and
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We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =
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, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.
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throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.
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our die is “perfectly fair”. In this situation, equations (1) and (2) yield
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and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.
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The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.

3

n = | Ω | 

Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,
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i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Perfectly loaded dice. Suppose the die was manufactured in such a way
that the same side always ends upwards after a throw, e.g. p1 = 1, and pi = 0
for i 2 {2, . . . , n}. Of course both strategies will score a point at each and every
sequence of throws, and the game will almost certainly end in a draw. As in
the perfectly fair case, there is no preferable strategy.

Coins. We now focus on the case n = 2 and call our die a coin. We are
interested in the function d : [0, 1] ! [0, 1] that quantifies the advantage d(p) =
Pr{E3}�Pr{E2,2} of playing for a triple when the probability of our coin landing
heads is p. By making p1 = p and p2 = 1� p in (1) and (2), we obtain

d(p) =
⇥
p

3 + (1� p)3
⇤
�

⇥
p

2 + (1� p)2
⇤2

= �4p4 + 8p3 � 5p2 + p.

It is now easy to see (Figure 1) that d has minimum value 0 at p 2 {0, 0.5, 1}
as expected, and maximum value 0.0625 at p = 1/2± 1/(2

p
2) ⇡ 0.5± 0.3536.

In other words, 6.25% is the largest possible probabilistic advantage that can
be obtained in this game1. This is achieved by the player who plays for a
triple when the probability of the coin landing heads (or tails, by symmetry) is
approximately 85.36%.

Figure 1: Advantage of playing for a triple as a function of p

3 Seemingly irrelevant knowledge.

Let us look at a di↵erent experiment. Someone throws a die with n � 2 sides
three times in a row, and writes down the sequence of results, calling them A,B,
and C. You want to guess whether C = B. Does it make any di↵erence if you
are told that B 6= A?

1
Should a winning margin of 6.25% appear to be rather small, compare it with the casino’s

winning margin of 5.26% in the American roulette, and of only 2.70% in the European roulette.

Yet, we do not see casinos going bankrupt quite too often!
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1
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and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i
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, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.

5

Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.

5

more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write
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We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield
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and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield
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and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.
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The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield
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,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Perfectly loaded dice. Suppose the die was manufactured in such a way
that the same side always ends upwards after a throw, e.g. p1 = 1, and pi = 0
for i 2 {2, . . . , n}. Of course both strategies will score a point at each and every
sequence of throws, and the game will almost certainly end in a draw. As in
the perfectly fair case, there is no preferable strategy.

Coins. We now focus on the case n = 2 and call our die a coin. We are
interested in the function d : [0, 1] ! [0, 1] that quantifies the advantage d(p) =
Pr{E3}�Pr{E2,2} of playing for a triple when the probability of our coin landing
heads is p. By making p1 = p and p2 = 1� p in (1) and (2), we obtain

d(p) =
⇥
p

3 + (1� p)3
⇤
�

⇥
p

2 + (1� p)2
⇤2

= �4p4 + 8p3 � 5p2 + p.

It is now easy to see (Figure 1) that d has minimum value 0 at p 2 {0, 0.5, 1}
as expected, and maximum value 0.0625 at p = 1/2± 1/(2

p
2) ⇡ 0.5± 0.3536.

In other words, 6.25% is the largest possible probabilistic advantage that can
be obtained in this game1. This is achieved by the player who plays for a
triple when the probability of the coin landing heads (or tails, by symmetry) is
approximately 85.36%.

Figure 1: Advantage of playing for a triple as a function of p

3 Seemingly irrelevant knowledge.

Let us look at a di↵erent experiment. Someone throws a die with n � 2 sides
three times in a row, and writes down the sequence of results, calling them A,B,
and C. You want to guess whether C = B. Does it make any di↵erence if you
are told that B 6= A?

1
Should a winning margin of 6.25% appear to be rather small, compare it with the casino’s

winning margin of 5.26% in the American roulette, and of only 2.70% in the European roulette.

Yet, we do not see casinos going bankrupt quite too often!
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.

5

impossible	  event	  
Coins. When n = 2, the unconditional probability that two tosses of the coin
yield the same result is clearly

Pr{C = B} = p

2
1 + p

2
2 = p

2 + (1� p)2 = 2p2 � 2p+ 1, (5)

where p denotes, without loss of generality, the probability of heads. Such a
probability has minimum value 0.5 at p = 0.5 (i.e. for a fair coin).

On the other hand, the conditional probability we are interested in is ob-
tained from equation (4) and translates to

Pr{C = B | B 6= A} =
p

2(1� p) + (1� p)2p

2p� 2p2

=
p� p

2

2p� 2p2

= 0.5,

regardless of p (of course, provided p is not 0 or 1).
A simpler way of seeing this is noting that, given that the first two coins

came up di↵erently, the second coin is uniformly distributed over heads and
tails. Thus the probability that the third coin results the same as the second is
0.5p+ 0.5(1� p) = 0.5.

This interesting result, which motivates the whole next section, is summa-
rized in the corollary below. We recall that a Bernoulli random variable is such
that it takes value 1 with “success probability” p and value 0 with “failure
probability” 1� p.

Corollary 3. Given three independent Bernoulli random variables A,B, and
C with success probability 0 < p < 1, we have Pr{C = B | B 6= A} = 0.5
regardless of p.

4 Hand claps and whistles.

The idea of playing a fair heads or tails with a biased coin2 is attributed to von
Neumann [8]. The coin is tossed twice in a row. The first player wins if the
outcome is a heads-tails sequence, whereas the second player wins with a tails-
heads sequence. If two identical results are obtained, another turn of two coin
tosses starts from scratch. The probability of winning the game at a certain turn
is identical for both players, namely p(1� p), where p is the probability that a
coin toss results heads. Thus, the probability that some player wins at a certain
turn is q = 2p(1� p), and the number of turns until the game has a winner is a
geometric random variable X whose expectation is E{X} = 1/q = 1/(2(p�p

2)).
Since each turn comprises exactly two coin tosses, the expected number of tosses
until a player wins using von Neumann’s method is 2E{X} = 1/(p� p

2).

2
In spite of the numerous references to such entity over the centuries, some recent evidence

seems to show that there is no such thing as a biased coin that is caught by the hand (i.e. the

coin is allowed to spin in the air, but not to bounce). See [5] for finding out why the biased

coin may be considered the unicorn of probability theory.
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more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write

Pr{E2,2} =

 
X

i2⌦

p

2
i

!2

, (1)

and

Pr{E3} =
X

i2⌦

p

3
i . (2)

We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]

 
X

i2⌦

xiyi

!2


 
X

i2⌦

x

2
i
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X

i2⌦

y

2
i

!
.

Setting xi = p

3/2
i and yi = p

1/2
i , we obtain
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i2⌦

p

2
i

!2


 
X

i2⌦

p

3
i

! 
X

i2⌦

pi

!
=
X

i2⌦

p

3
i

as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write

Pr{E2,2} =
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and

Pr{E3} =
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3
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We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.

3

n = | Ω | 

Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =

 
X

i2⌦

p2i

!2

, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,
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and
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Pr{C = B 6= A}
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i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Perfectly loaded dice. Suppose the die was manufactured in such a way
that the same side always ends upwards after a throw, e.g. p1 = 1, and pi = 0
for i 2 {2, . . . , n}. Of course both strategies will score a point at each and every
sequence of throws, and the game will almost certainly end in a draw. As in
the perfectly fair case, there is no preferable strategy.

Coins. We now focus on the case n = 2 and call our die a coin. We are
interested in the function d : [0, 1] ! [0, 1] that quantifies the advantage d(p) =
Pr{E3}�Pr{E2,2} of playing for a triple when the probability of our coin landing
heads is p. By making p1 = p and p2 = 1� p in (1) and (2), we obtain

d(p) =
⇥
p

3 + (1� p)3
⇤
�

⇥
p

2 + (1� p)2
⇤2

= �4p4 + 8p3 � 5p2 + p.

It is now easy to see (Figure 1) that d has minimum value 0 at p 2 {0, 0.5, 1}
as expected, and maximum value 0.0625 at p = 1/2± 1/(2

p
2) ⇡ 0.5± 0.3536.

In other words, 6.25% is the largest possible probabilistic advantage that can
be obtained in this game1. This is achieved by the player who plays for a
triple when the probability of the coin landing heads (or tails, by symmetry) is
approximately 85.36%.

Figure 1: Advantage of playing for a triple as a function of p

3 Seemingly irrelevant knowledge.

Let us look at a di↵erent experiment. Someone throws a die with n � 2 sides
three times in a row, and writes down the sequence of results, calling them A,B,
and C. You want to guess whether C = B. Does it make any di↵erence if you
are told that B 6= A?

1
Should a winning margin of 6.25% appear to be rather small, compare it with the casino’s

winning margin of 5.26% in the American roulette, and of only 2.70% in the European roulette.

Yet, we do not see casinos going bankrupt quite too often!
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Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦
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i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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impossible	  event	  
Coins. When n = 2, the unconditional probability that two tosses of the coin
yield the same result is clearly

Pr{C = B} = p

2
1 + p

2
2 = p

2 + (1� p)2 = 2p2 � 2p+ 1, (5)

where p denotes, without loss of generality, the probability of heads. Such a
probability has minimum value 0.5 at p = 0.5 (i.e. for a fair coin).

On the other hand, the conditional probability we are interested in is ob-
tained from equation (4) and translates to

Pr{C = B | B 6= A} =
p

2(1� p) + (1� p)2p

2p� 2p2

=
p� p

2

2p� 2p2

= 0.5,

regardless of p (of course, provided p is not 0 or 1).
A simpler way of seeing this is noting that, given that the first two coins

came up di↵erently, the second coin is uniformly distributed over heads and
tails. Thus the probability that the third coin results the same as the second is
0.5p+ 0.5(1� p) = 0.5.

This interesting result, which motivates the whole next section, is summa-
rized in the corollary below. We recall that a Bernoulli random variable is such
that it takes value 1 with “success probability” p and value 0 with “failure
probability” 1� p.

Corollary 3. Given three independent Bernoulli random variables A,B, and
C with success probability 0 < p < 1, we have Pr{C = B | B 6= A} = 0.5
regardless of p.

4 Hand claps and whistles.

The idea of playing a fair heads or tails with a biased coin2 is attributed to von
Neumann [8]. The coin is tossed twice in a row. The first player wins if the
outcome is a heads-tails sequence, whereas the second player wins with a tails-
heads sequence. If two identical results are obtained, another turn of two coin
tosses starts from scratch. The probability of winning the game at a certain turn
is identical for both players, namely p(1� p), where p is the probability that a
coin toss results heads. Thus, the probability that some player wins at a certain
turn is q = 2p(1� p), and the number of turns until the game has a winner is a
geometric random variable X whose expectation is E{X} = 1/q = 1/(2(p�p

2)).
Since each turn comprises exactly two coin tosses, the expected number of tosses
until a player wins using von Neumann’s method is 2E{X} = 1/(p� p

2).

2
In spite of the numerous references to such entity over the centuries, some recent evidence

seems to show that there is no such thing as a biased coin that is caught by the hand (i.e. the

coin is allowed to spin in the air, but not to bounce). See [5] for finding out why the biased

coin may be considered the unicorn of probability theory.
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rized in the corollary below. We recall that a Bernoulli random variable is such
that it takes value 1 with “success probability” p and value 0 with “failure
probability” 1� p.

Corollary 3. Given three independent Bernoulli random variables A,B, and
C with success probability 0 < p < 1, we have Pr{C = B | B 6= A} = 0.5
regardless of p.

4 Hand claps and whistles.

The idea of playing a fair heads or tails with a biased coin2 is attributed to von
Neumann [8]. The coin is tossed twice in a row. The first player wins if the
outcome is a heads-tails sequence, whereas the second player wins with a tails-
heads sequence. If two identical results are obtained, another turn of two coin
tosses starts from scratch. The probability of winning the game at a certain turn
is identical for both players, namely p(1� p), where p is the probability that a
coin toss results heads. Thus, the probability that some player wins at a certain
turn is q = 2p(1� p), and the number of turns until the game has a winner is a
geometric random variable X whose expectation is E{X} = 1/q = 1/(2(p�p

2)).
Since each turn comprises exactly two coin tosses, the expected number of tosses
until a player wins using von Neumann’s method is 2E{X} = 1/(p� p

2).

2
In spite of the numerous references to such entity over the centuries, some recent evidence

seems to show that there is no such thing as a biased coin that is caught by the hand (i.e. the

coin is allowed to spin in the air, but not to bounce). See [5] for finding out why the biased

coin may be considered the unicorn of probability theory.
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more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
Proof. Let ⌦ be the range of possible values of A,B,C, and D. For i 2 ⌦,
let pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} = Pr{D = i}
that a given variable takes value i. Let E2,2 denote the event that A = B and
C = D, and let E3 denote the event that A = B = C. Since the variables are
independent, we can write
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We now show that Pr{E2,2}  Pr{E3}. Inspired by its use in [6], we recall the
Cauchy inequality [2, p. 373]
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Claim 2. Given three iid discrete random variables A,B,C, it holds that

Pr{C = B | B 6= A}  Pr{C = B}.

Proof. Let ⌦ be the range of possible values of A,B,C. For i 2 ⌦, let
pi be the probability Pr{A = i} = Pr{B = i} = Pr{C = i} that a given
variable takes value i. Observe that

Pr{C = B | B 6= A} =
Pr{C = B ^B 6= A}

Pr{B 6= A} =
Pr{C = B 6= A}
1� Pr{B = A} . (3)

Since the variables are iid, Pr{B = A} is the same as Pr{C = B}.
Hence, the claim is equivalent to

Pr{C = B 6= A}  Pr{C = B}� Pr{C = B}2

= Pr{C = B 6= A}+ Pr{C = B = A}� Pr{C = B}2

and therefore also to

Pr{C = B}2  Pr{C = B = A}.

Because the variables are independent, we have

Pr{C = B}2 =
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i2⌦

p2i
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, (4)

and

Pr{C = B = A} =
X

i2⌦

p3i . (5)

Now observe that the expressions above correspond exactly to those
of Pr{E2,2} and Pr{E3}, given, respectively, in equations (1) and (2). So
we now proceed as in the proof of Claim 1, and the result follows.

Back to the dice realm, the probability that the third result matches
the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.

3

Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
are the events they define necessarily so? What if the die is not perfectly fair?

Here again we start with an intuitive discussion. Suppose the die is so biased
that one of its sides (say, 1) lands upwards in 90% of the throws. In this case,
the event B 6= A reveals that something unexpected happened, that is, A and
B are not both 1. Since it is highly probable that C is 1, we cannot anymore
say that our assessment of the probability associated to the event C 6= B was
una↵ected by the knowledge that B 6= A.

More formally, let ⌦ be the range of possible values of three iid random
variables A,B, and C. For i 2 ⌦, let pi be the probability Pr{A = i} = Pr{B =
i} = Pr{C = i} that a given variable takes value i.

Clearly,

Pr{C = B} =
X

i2⌦

p

2
i (3)

and

Pr{C = B | B 6= A} =
Pr{C = B 6= A}

Pr{B 6= A} =

P
i2⌦[p

2
i (1� pi)]P

i2⌦[pi(1� pi)]
. (4)

The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.
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and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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the second one given that the second result does not match the first one
in a sequence of 3 independent throws of a die is less than or equal to the
unconditional probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (4) and (5),
it is straightforward to verify they are both equal to 1/n2. In other words,
if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the
second throw and the first one do not match. The events are, in this case,
independent.

Perfectly unfair dice. If the die always lands with the same face
upwards, then of course there cannot be the case that two results do no
match. Our comparison would be pointless.
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The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.
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third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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more formal discussion.

Claim 1. If A,B,C, and D are iid discrete random variables, then Pr{A =
B ^ C = D}  Pr{A = B = C}.
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that a given variable takes value i. Let E2,2 denote the event that A = B and
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as desired.

As a consequence, the probability of obtaining a triple in three throws of a
die is never less than the probability of obtaining two straight doubles in four
throws of that die. It should now be clear that equality must not be taken for
granted. We look at some special cases.

From now on, let A,B,C, andD be specifically the results of four consecutive
throws of an n-sided die; that is, iid random variables defined by selections on
the sample space ⌦ = {1, . . . , n}. We denote by pi the probability that i is the
result obtained by throwing that die, for i 2 ⌦.

Perfectly fair dice. Consider the case where pi = 1/n for all i 2 ⌦; that is,
our die is “perfectly fair”. In this situation, equations (1) and (2) yield

Pr{E3} = Pr{E2,2} =
1

n

2
,

and therefore both players have the same probability of winning the game. As a
matter of fact, it is a simple exercise to show that Claim 1 holds with equality if,
and only if, either the random variables are uniformly distributed over a subset
of their sample space or one of the possible outcomes occur with probability 1.
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Perfectly loaded dice. Suppose the die was manufactured in such a way
that the same side always ends upwards after a throw, e.g. p1 = 1, and pi = 0
for i 2 {2, . . . , n}. Of course both strategies will score a point at each and every
sequence of throws, and the game will almost certainly end in a draw. As in
the perfectly fair case, there is no preferable strategy.

Coins. We now focus on the case n = 2 and call our die a coin. We are
interested in the function d : [0, 1] ! [0, 1] that quantifies the advantage d(p) =
Pr{E3}�Pr{E2,2} of playing for a triple when the probability of our coin landing
heads is p. By making p1 = p and p2 = 1� p in (1) and (2), we obtain

d(p) =
⇥
p

3 + (1� p)3
⇤
�

⇥
p

2 + (1� p)2
⇤2

= �4p4 + 8p3 � 5p2 + p.

It is now easy to see (Figure 1) that d has minimum value 0 at p 2 {0, 0.5, 1}
as expected, and maximum value 0.0625 at p = 1/2± 1/(2

p
2) ⇡ 0.5± 0.3536.

In other words, 6.25% is the largest possible probabilistic advantage that can
be obtained in this game1. This is achieved by the player who plays for a
triple when the probability of the coin landing heads (or tails, by symmetry) is
approximately 85.36%.

Figure 1: Advantage of playing for a triple as a function of p

3 Seemingly irrelevant knowledge.

Let us look at a di↵erent experiment. Someone throws a die with n � 2 sides
three times in a row, and writes down the sequence of results, calling them A,B,
and C. You want to guess whether C = B. Does it make any di↵erence if you
are told that B 6= A?

1
Should a winning margin of 6.25% appear to be rather small, compare it with the casino’s

winning margin of 5.26% in the American roulette, and of only 2.70% in the European roulette.

Yet, we do not see casinos going bankrupt quite too often!

4

Perfectly loaded dice. Suppose the die was manufactured in such a way
that the same side always ends upwards after a throw, e.g. p1 = 1, and pi = 0
for i 2 {2, . . . , n}. Of course both strategies will score a point at each and every
sequence of throws, and the game will almost certainly end in a draw. As in
the perfectly fair case, there is no preferable strategy.

Coins. We now focus on the case n = 2 and call our die a coin. We are
interested in the function d : [0, 1] ! [0, 1] that quantifies the advantage d(p) =
Pr{E3}�Pr{E2,2} of playing for a triple when the probability of our coin landing
heads is p. By making p1 = p and p2 = 1� p in (1) and (2), we obtain

d(p) =
⇥
p

3 + (1� p)3
⇤
�

⇥
p

2 + (1� p)2
⇤2

= �4p4 + 8p3 � 5p2 + p.

It is now easy to see (Figure 1) that d has minimum value 0 at p 2 {0, 0.5, 1}
as expected, and maximum value 0.0625 at p = 1/2± 1/(2

p
2) ⇡ 0.5± 0.3536.

In other words, 6.25% is the largest possible probabilistic advantage that can
be obtained in this game1. This is achieved by the player who plays for a
triple when the probability of the coin landing heads (or tails, by symmetry) is
approximately 85.36%.

Figure 1: Advantage of playing for a triple as a function of p

3 Seemingly irrelevant knowledge.

Let us look at a di↵erent experiment. Someone throws a die with n � 2 sides
three times in a row, and writes down the sequence of results, calling them A,B,
and C. You want to guess whether C = B. Does it make any di↵erence if you
are told that B 6= A?

1
Should a winning margin of 6.25% appear to be rather small, compare it with the casino’s

winning margin of 5.26% in the American roulette, and of only 2.70% in the European roulette.

Yet, we do not see casinos going bankrupt quite too often!

4

Perfectly loaded dice. Suppose the die was manufactured in such a way
that the same side always ends upwards after a throw, e.g. p1 = 1, and pi = 0
for i 2 {2, . . . , n}. Of course both strategies will score a point at each and every
sequence of throws, and the game will almost certainly end in a draw. As in
the perfectly fair case, there is no preferable strategy.

Coins. We now focus on the case n = 2 and call our die a coin. We are
interested in the function d : [0, 1] ! [0, 1] that quantifies the advantage d(p) =
Pr{E3}�Pr{E2,2} of playing for a triple when the probability of our coin landing
heads is p. By making p1 = p and p2 = 1� p in (1) and (2), we obtain

d(p) =
⇥
p

3 + (1� p)3
⇤
�

⇥
p

2 + (1� p)2
⇤2

= �4p4 + 8p3 � 5p2 + p.

It is now easy to see (Figure 1) that d has minimum value 0 at p 2 {0, 0.5, 1}
as expected, and maximum value 0.0625 at p = 1/2± 1/(2

p
2) ⇡ 0.5± 0.3536.

In other words, 6.25% is the largest possible probabilistic advantage that can
be obtained in this game1. This is achieved by the player who plays for a
triple when the probability of the coin landing heads (or tails, by symmetry) is
approximately 85.36%.

Figure 1: Advantage of playing for a triple as a function of p

3 Seemingly irrelevant knowledge.

Let us look at a di↵erent experiment. Someone throws a die with n � 2 sides
three times in a row, and writes down the sequence of results, calling them A,B,
and C. You want to guess whether C = B. Does it make any di↵erence if you
are told that B 6= A?

1
Should a winning margin of 6.25% appear to be rather small, compare it with the casino’s

winning margin of 5.26% in the American roulette, and of only 2.70% in the European roulette.

Yet, we do not see casinos going bankrupt quite too often!

4

Because the throws of the die are mutually independent, it is tempting to say
that the fact that the first two results (A and B) do not match has no correlation
whatsoever to whether the third result (C) matches the second one. However,
this reasoning turns out to be deceiving. The variables are independent, but
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The following result relates the two probabilities above.

Claim 2 (Fonseca et al. [6], Lemma 6). Given three iid discrete random vari-
ables A,B, and C, we have Pr{C = B | B 6= A}  Pr{C = B}.

For an example where equality does not hold, let ⌦ = {1, 2, 3}, p1 = 0.8,
p2 = p3 = 0.1. In this case, Pr{C = B} = 0.66, whereas Pr{C = B | B 6= A} ⇡
0.429.

In the realm of dice, the probability that the third result matches the second
one given that the second result does not match the first one in a sequence of
three independent throws of a die is less than or equal to the unconditional
probability that the third result matches the second one.

Perfectly fair dice. By replacing pi with 1/n in equations (3) and (4), it
is straightforward to verify that both probabilities are equal to 1/n. In other
words, if the die is fair, then the probability of having a match between the
third and the second results is not at all a↵ected by the fact that the second
throw and the first one do not match. The events are in this case independent.

Perfectly loaded dice. If the die always lands with the same side upwards,
then it is impossible that two throws have di↵erent outcomes. Our comparison
here is then meaningless.
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impossible	  event	  
Coins. When n = 2, the unconditional probability that two tosses of the coin
yield the same result is clearly

Pr{C = B} = p

2
1 + p

2
2 = p

2 + (1� p)2 = 2p2 � 2p+ 1, (5)

where p denotes, without loss of generality, the probability of heads. Such a
probability has minimum value 0.5 at p = 0.5 (i.e. for a fair coin).

On the other hand, the conditional probability we are interested in is ob-
tained from equation (4) and translates to

Pr{C = B | B 6= A} =
p

2(1� p) + (1� p)2p

2p� 2p2

=
p� p

2

2p� 2p2

= 0.5,

regardless of p (of course, provided p is not 0 or 1).
A simpler way of seeing this is noting that, given that the first two coins

came up di↵erently, the second coin is uniformly distributed over heads and
tails. Thus the probability that the third coin results the same as the second is
0.5p+ 0.5(1� p) = 0.5.

This interesting result, which motivates the whole next section, is summa-
rized in the corollary below. We recall that a Bernoulli random variable is such
that it takes value 1 with “success probability” p and value 0 with “failure
probability” 1� p.

Corollary 3. Given three independent Bernoulli random variables A,B, and
C with success probability 0 < p < 1, we have Pr{C = B | B 6= A} = 0.5
regardless of p.

4 Hand claps and whistles.

The idea of playing a fair heads or tails with a biased coin2 is attributed to von
Neumann [8]. The coin is tossed twice in a row. The first player wins if the
outcome is a heads-tails sequence, whereas the second player wins with a tails-
heads sequence. If two identical results are obtained, another turn of two coin
tosses starts from scratch. The probability of winning the game at a certain turn
is identical for both players, namely p(1� p), where p is the probability that a
coin toss results heads. Thus, the probability that some player wins at a certain
turn is q = 2p(1� p), and the number of turns until the game has a winner is a
geometric random variable X whose expectation is E{X} = 1/q = 1/(2(p�p

2)).
Since each turn comprises exactly two coin tosses, the expected number of tosses
until a player wins using von Neumann’s method is 2E{X} = 1/(p� p

2).

2
In spite of the numerous references to such entity over the centuries, some recent evidence

seems to show that there is no such thing as a biased coin that is caught by the hand (i.e. the

coin is allowed to spin in the air, but not to bounce). See [5] for finding out why the biased

coin may be considered the unicorn of probability theory.
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0.5p+ 0.5(1� p) = 0.5.

This interesting result, which motivates the whole next section, is summa-
rized in the corollary below. We recall that a Bernoulli random variable is such
that it takes value 1 with “success probability” p and value 0 with “failure
probability” 1� p.

Corollary 3. Given three independent Bernoulli random variables A,B, and
C with success probability 0 < p < 1, we have Pr{C = B | B 6= A} = 0.5
regardless of p.

4 Hand claps and whistles.

The idea of playing a fair heads or tails with a biased coin2 is attributed to von
Neumann [8]. The coin is tossed twice in a row. The first player wins if the
outcome is a heads-tails sequence, whereas the second player wins with a tails-
heads sequence. If two identical results are obtained, another turn of two coin
tosses starts from scratch. The probability of winning the game at a certain turn
is identical for both players, namely p(1� p), where p is the probability that a
coin toss results heads. Thus, the probability that some player wins at a certain
turn is q = 2p(1� p), and the number of turns until the game has a winner is a
geometric random variable X whose expectation is E{X} = 1/q = 1/(2(p�p

2)).
Since each turn comprises exactly two coin tosses, the expected number of tosses
until a player wins using von Neumann’s method is 2E{X} = 1/(p� p

2).

2
In spite of the numerous references to such entity over the centuries, some recent evidence

seems to show that there is no such thing as a biased coin that is caught by the hand (i.e. the

coin is allowed to spin in the air, but not to bounce). See [5] for finding out why the biased

coin may be considered the unicorn of probability theory.
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	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Given	  three	  independent	  Bernoulli	  random	  variables	  A,	  B,	  and	  C	  
	   	  	  	  with	  success	  probability	  0	  <	  p	  <	  1,	  we	  have	  

regardless	  of	  p.	  



fair	  heads	  or	  tails	  
with	  a	  concealed	  biased	  coin	  



von	  Neumann’s	  idea	  

take	  a	  biased	  coin,	  flip	  it	  twice	  

(H)eads-‐(T)ails,	  Player	  1	  wins	  

	  	  T-‐H,	  Player	  2	  wins	  

H-‐H	  or	  T-‐T,	  start	  over	  

	  p  = Pr{H} 

Pr{H-‐T}	  	  =	  	  Pr {T-‐H}	  	  =	  	  p	  (1	  –	  p)	  



von	  Neumann’s	  idea	  
Pr{H-‐T}	  	  =	  	  Pr {T-‐H}	  	  =	  	  p	  (1	  –	  p)	  

Pr{someone	  wins	  at	  a	  given	  turn}	  	  =	  	  Pr {T-‐H}	  	  +	  	  Pr{H-‐T}	  	  	  =	  	  2	  p	  (1	  –	  p)	  

expected	  #	  flips	  unFl	  someone	  wins	  	  =	  	  	  2	  	  x                              =                          	  	  	  	  	  	  	  	  	  	  	  	  	  1	  
	  

2	  p	  (1	  –	  p)	  
	  	  	  	  	  	  	  1	  
	  

	  p	  (1	  –	  p)	  



von	  Neumann’s	  idea	  
Pr{H-‐T}	  	  =	  	  Pr {T-‐H}	  	  =	  	  p	  (1	  –	  p)	  

Pr{someone	  wins	  at	  a	  given	  turn}	  	  =	  	  Pr {T-‐H}	  	  +	  	  Pr{H-‐T}	  	  	  =	  	  2	  p	  (1	  –	  p)	  

expected	  #	  flips	  unFl	  someone	  wins	  	  =	  	  	  2	  	  x                              =                          	  	  	  	  	  	  	  	  	  	  	  	  	  1	  
	  

2	  p	  (1	  –	  p)	  
	  	  	  	  	  	  	  1	  
	  

	  p	  (1	  –	  p)	  

many	  variaFons/improvements	  ever	  since,	  e.g.	  
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[13] S. Vembu, S. Verdú, Generating random bits from an arbitrary source:
fundamental limits, IEEE Transactions on Information Theory 41 (1995)
1322–1332.

11

5 Acknowledgements.

The “triple or two straight doubles” question was proposed to us by Guilherme
Dias da Fonseca when he was studying randomized data structures. We are
also grateful to Alexandre Stau↵er, Luiz Henrique de Figueiredo, and to the
anonymous referees for the numerous valuable suggestions.

References

[1] M. Blum, Independent unbiased coin flips from a correlated biased source:
a finite state Markov chain, Combinatorica 6 (1986) 97–108.

[2] A. Cauchy, Oeuvres 2, III (1821).

[3] B. Chor, O. Goldreich, Unbiased bits from sources of weak randomness
and probabilistic communication complexity, in Proc. 26th IEEE Symp. on
Foundations of Computer Science (1985) 429–442.

[4] P. Elias, The e�cient construction of an unbiased random sequence, The
Annals of Mathematical Statistics 43 (1972) 865–870.

[5] A. Gelman, D. Nolan, You can load a die, but you can’t bias a coin, The
American Statistician 56 (2002) 308–311.

[6] G. D. da Fonseca, C. M. H. de Figueiredo, P. C. P. Carvalho, Kinetic
hanger, Information Processing Letters 89 (2004) 151–157.

[7] W. Hoe↵ding, G. Simons, Unbiased coin tossing with a biased coin, The
Annals of Mathematical Statistics 41 (1970) 341–352.

[8] J. von Neumann, Various techniques used in connection with random digits,
J. Res. National Bureau of Standards 12 36–38.

[9] Y. Peres, Iterating von Neumann’s procedure for extracting random bits,
The Annals of Statistics 20 (1992) 590–597.

[10] P. A. Samuelson, Constructing an unbiased random sequence, Journal of
the American Statistical Association 63 (1968) 1526–1527.

[11] A. Srinivasan, D. Zuckerman, Computing with very weak random sources,
SIAM Journal on Computing 28 (1999) 1433–1459.

[12] Q. F. Stout, B. Warren, Tree algorithms for unbiased coin tossing with a
biased coin, The Annals of Probability 12 (1984) 212–222.
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Concealed	  biased	  coins	  

•  a	  coin	  that	  is	  possibly	  biased	  (the	  exact	  bias	  is	  unknown)	  
•  the	  players	  are	  not	  able	  to	  know	  whether	  the	  coin	  flip	  resulted	  H	  or	  T	  
•  it	  is	  possible	  to	  infer	  a	  (mis)match	  between	  the	  two	  latest	  results	  



Concealed	  biased	  coins	  

•  a	  coin	  that	  is	  possibly	  biased	  (the	  exact	  bias	  is	  unknown)	  
•  the	  players	  are	  not	  able	  to	  know	  whether	  the	  coin	  flip	  resulted	  H	  or	  T	  
•  it	  is	  possible	  to	  infer	  a	  (mis)match	  between	  the	  two	  latest	  results	  

the	  latest	  result	  is	  the	  same	  as	  the	  previous	  	  
a	  hand	  clap	  (Cl)	  

the	  latest	  result	  is	  different	  from	  the	  previous	  	  
a	  whistle	  (W)	  



Hand	  claps	  and	  whistles	  



Hand	  claps	  and	  whistles	  
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Hand	  claps	  and	  whistles	  



Hand	  claps	  and	  whistles	  

state	  

Fme	  

H	  

T	  

ALERT!	   ALERT!	   ALERT!	  

t1	   t2	   t3	   t4	   t5	   t6	  



First	  aoempt:	  Cl	  vs.	  W	  (2	  flips)	  
Player	  1:	  Cl	   Player	  2:	  W	  

or	  

P1  =   Pr{Player	  1	  wins}	  	  	  =	  	  p2	  +	  (1	  –	  p)2	  	  	  =	  	  	  2p2	  –	  2p	  +	  1	  	  	  

or	  

	  p  = Pr{H} 



First	  aoempt:	  Cl	  vs.	  W	  (2	  flips)	  
Player	  1:	  Cl	   Player	  2:	  W	  

or	  

P1  =   Pr{Player	  1	  wins}	  	  	  =	  	  p2	  +	  (1	  –	  p)2	  	  	  =	  	  	  2p2	  –	  2p	  +	  1	  	  	  

or	  

	  p  = Pr{H} 

Not	  fair!	  



Second	  aoempt:	  Cl-‐W	  vs.	  W-‐Cl	  (iniFal	  +	  2	  flips	  per	  turn)	  

Player	  1:	  Cl-‐W	   Player	  2:	  W-‐Cl	  

or	  

…..…..H	  	  	  	  	  H	  	  	  T	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Cl	  	  	  W	  

..……..T	  	  	  	  	  	  T	  	  	  H	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Cl	  	  	  W	  

or	  

………..T	  	  	  	  H	  	  	  H	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  W	  	  	  Cl	  

………..H	  	  	  	  	  T	  	  	  T	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  W	  	  	  Cl	  

H	  	  	  	  	  	  	  	  	  	  	  	  T	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Cl	  	  	  	  	  	  	  	  	  	  W	  

From	  now	  on…	  



Second	  aoempt:	  Cl-‐W	  vs.	  W-‐Cl	  (iniFal	  +	  2	  flips	  per	  turn)	  

Player	  1:	  Cl-‐W	  

or	  

…..…..H	  	  	  	  	  H	  	  	  T	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Cl	  	  	  W	  

..……..T	  	  	  	  	  	  T	  	  	  H	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Cl	  	  	  W	  

or	  

………..T	  	  	  	  H	  	  	  H	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  W	  	  	  Cl	  

………..H	  	  	  	  	  T	  	  	  T	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  W	  	  	  Cl	  

Now suppose we have a situation where the coin is concealed, that is, the
contestants are not able to see the outcome of each toss. Instead, they can only
figure out, after each toss, whether the result happened to match the one that
just preceded it, which we refer to as the base result. For the sake of illustration,
consider that the coin is tossed by a trusted third party who claps hands each
time the coin toss results the same as in the previous toss, and who whistles
otherwise. Only after the very first toss (the initial toss, in each game), no
sound is produced, since there is no base result to compare with. We want to
assure fairness, and we certainly cannot use von Neumann’s original method,
since the actual coin results are not known to the players.

We first discuss wrong ways of trying to obtain a fair game.

4.1 Unsuccessful attempts at fairness.

In the proposed setting, the players cannot see the actual results, but they
hear something after each toss3: a hand clap (Cl) or a whistle (Wh). Then
why not simply regard a hand clap as heads, a whistle as tails, and play the
good old heads or tails? In other words, after the initial toss, have the coin
be tossed exactly once more. Player 1 wins with a hand clap, Player 2 wins
with a whistle. Of course one can play such a game, but one should not expect
it to be fair if the coin itself is not fair. Indeed, the greater the coin bias, the
greater the advantage of playing for a hand clap. Formally, if p is the probability
that the coin lands heads, then the probability that Player 1 wins is equal to
the probability that two independent tosses of the coin yield the same result,
namely p

2 + (1 � p)2 = 2p2 � 2p + 1, whose minimum value 0.5 is obtained at
p = 0.5, as in (5).

Aiming at neutralizing the coin bias, a second, natural attempt is to use
a straightforward translation of von Neumann’s idea based on the perceived
sounds. After the initial toss, which sets the first base value, the coin is tossed
twice in a row. Player 1 wins with a Cl-Wh sequence, Player 2 wins with a
Wh-Cl sequence. If any other sequence occurs, the game proceeds with another
turn of two coin tosses. Is the game now fair, regardless of the coin bias? We
show that it is not, except again if p = 0.5.

To calculate the probability P1 that Player 1 wins the game, let FH and F

T

denote the events where the initial toss results heads (H) or tails (T), respec-
tively, so that

P1 = Pr{P1 | FH} · Pr{FH}+ Pr{P1 | FT } · Pr{FT }

by the law of total probability. By letting P

H
1 = Pr{P1 | FH} and P

T
1 =

Pr{P1 | FT }, we can write

P1 = P

H
1 · p+ P

T
1 · (1� p). (6)

We now obtain P

H
1 conditioned on the results of the two coin tosses that

followed the initial toss (whose result was heads, by definition):

3
Except for the initial toss, as mentioned above.
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:=	  	  probability	  that	  Player	  1	  wins	  the	  game	  provided	  the	  first	  coin	  flip	  yields	  a	  H	  
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memorylessness of the process, which now starts over with a new turn of
two tosses still having heads as base value;

• [base H] H-T — this gives a Cl-Wh sequence, and victory is awarded to
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• [base H] T-H — we have two whistles and no winner, hence the probability
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1 , as in the case H-H;

• [base H] T-T — a whistle followed by a hand clap: victory goes straight
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1 = 1� p. (8)

By plugging (7) and (8) into (6), we obtain P1 = p

2+(1�p)2 = 2p2�2p+1.
This is again the same expression as in (5), which has minimum value 0.5 at
p = 0.5. In short, the game is only fair when the coin itself is fair.

Before proceeding, it is interesting to notice that here—unlike the coin game
proposed in Section 2, where a probability of heads around 0.5± 0.3536 would
maximize a player’s winning odds—the greater the coin bias, the greater the
probability that Cl-Wh wins over Wh-Cl, in spite of the apparent symmetry of
both strategies. One could try this game against an inadvertent opponent (per-
haps someone who erroneously regard it as being equivalent to von Neumann’s
method). However, using a similar reasoning as in the calculation of P1, we see
that the expected number of tosses before the game finishes (disregarding the
initial toss) is 1/(p � p

2), as in von Neumann’s method. This fact cannot be
overlooked. For example, when the coin is so biased that p = 0.999, though the
Cl-Wh player has a winning probability of 98.02%, the coin needs to be tossed
1001 times on average before the game has a winner!

In the next section, we look into a variation that successfully shields the
players from whatever bias the concealed coin might have (provided both sides
appear with non-zero probability).
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Now suppose we have a situation where the coin is concealed, that is, the
contestants are not able to see the outcome of each toss. Instead, they can only
figure out, after each toss, whether the result happened to match the one that
just preceded it, which we refer to as the base result. For the sake of illustration,
consider that the coin is tossed by a trusted third party who claps hands each
time the coin toss results the same as in the previous toss, and who whistles
otherwise. Only after the very first toss (the initial toss, in each game), no
sound is produced, since there is no base result to compare with. We want to
assure fairness, and we certainly cannot use von Neumann’s original method,
since the actual coin results are not known to the players.

We first discuss wrong ways of trying to obtain a fair game.

4.1 Unsuccessful attempts at fairness.

In the proposed setting, the players cannot see the actual results, but they
hear something after each toss3: a hand clap (Cl) or a whistle (Wh). Then
why not simply regard a hand clap as heads, a whistle as tails, and play the
good old heads or tails? In other words, after the initial toss, have the coin
be tossed exactly once more. Player 1 wins with a hand clap, Player 2 wins
with a whistle. Of course one can play such a game, but one should not expect
it to be fair if the coin itself is not fair. Indeed, the greater the coin bias, the
greater the advantage of playing for a hand clap. Formally, if p is the probability
that the coin lands heads, then the probability that Player 1 wins is equal to
the probability that two independent tosses of the coin yield the same result,
namely p

2 + (1 � p)2 = 2p2 � 2p + 1, whose minimum value 0.5 is obtained at
p = 0.5, as in (5).

Aiming at neutralizing the coin bias, a second, natural attempt is to use
a straightforward translation of von Neumann’s idea based on the perceived
sounds. After the initial toss, which sets the first base value, the coin is tossed
twice in a row. Player 1 wins with a Cl-Wh sequence, Player 2 wins with a
Wh-Cl sequence. If any other sequence occurs, the game proceeds with another
turn of two coin tosses. Is the game now fair, regardless of the coin bias? We
show that it is not, except again if p = 0.5.

To calculate the probability P1 that Player 1 wins the game, let FH and F

T

denote the events where the initial toss results heads (H) or tails (T), respec-
tively, so that

P1 = Pr{P1 | FH} · Pr{FH}+ Pr{P1 | FT } · Pr{FT }

by the law of total probability. By letting P

H
1 = Pr{P1 | FH} and P

T
1 =

Pr{P1 | FT }, we can write

P1 = P

H
1 · p+ P

T
1 · (1� p). (6)

We now obtain P

H
1 conditioned on the results of the two coin tosses that

followed the initial toss (whose result was heads, by definition):

3
Except for the initial toss, as mentioned above.
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• [base H] H-H — this sequence yields two hand claps, no player wins yet,
and the probability that Player 1 eventually wins is still PH

1 due to the
memorylessness of the process, which now starts over with a new turn of
two tosses still having heads as base value;

• [base H] H-T — this gives a Cl-Wh sequence, and victory is awarded to
Player 1;

• [base H] T-H — we have two whistles and no winner, hence the probability
of Player 1 winning is still PH

1 , as in the case H-H;

• [base H] T-T — a whistle followed by a hand clap: victory goes straight
to Player 2.

Using again the law of total probability, we can write

P

H
1 =

X

S2S
Pr{PH

1 | S} · Pr{S}

= P

H
1 · p2 + 1 · p(1� p) + P

H
1 · (1� p)p+ 0 · (1� p)2,

where S = {H-H, H-T, T-H, T-T} is the set of events associated to the two
coin tosses that follow the initial toss, as mentioned above. After some easy
manipulations, we obtain

P

H
1 = p. (7)

An analogous argument shows that

P

T
1 = 1� p. (8)

By plugging (7) and (8) into (6), we obtain P1 = p

2+(1�p)2 = 2p2�2p+1.
This is again the same expression as in (5), which has minimum value 0.5 at
p = 0.5. In short, the game is only fair when the coin itself is fair.

Before proceeding, it is interesting to notice that here—unlike the coin game
proposed in Section 2, where a probability of heads around 0.5± 0.3536 would
maximize a player’s winning odds—the greater the coin bias, the greater the
probability that Cl-Wh wins over Wh-Cl, in spite of the apparent symmetry of
both strategies. One could try this game against an inadvertent opponent (per-
haps someone who erroneously regard it as being equivalent to von Neumann’s
method). However, using a similar reasoning as in the calculation of P1, we see
that the expected number of tosses before the game finishes (disregarding the
initial toss) is 1/(p � p

2), as in von Neumann’s method. This fact cannot be
overlooked. For example, when the coin is so biased that p = 0.999, though the
Cl-Wh player has a winning probability of 98.02%, the coin needs to be tossed
1001 times on average before the game has a winner!

In the next section, we look into a variation that successfully shields the
players from whatever bias the concealed coin might have (provided both sides
appear with non-zero probability).
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4.1 Unsuccessful attempts at fairness.

In the proposed setting, the players cannot see the actual results, but they
hear something after each toss3: a hand clap (Cl) or a whistle (Wh). Then
why not simply regard a hand clap as heads, a whistle as tails, and play the
good old heads or tails? In other words, after the initial toss, have the coin
be tossed exactly once more. Player 1 wins with a hand clap, Player 2 wins
with a whistle. Of course one can play such a game, but one should not expect
it to be fair if the coin itself is not fair. Indeed, the greater the coin bias, the
greater the advantage of playing for a hand clap. Formally, if p is the probability
that the coin lands heads, then the probability that Player 1 wins is equal to
the probability that two independent tosses of the coin yield the same result,
namely p

2 + (1 � p)2 = 2p2 � 2p + 1, whose minimum value 0.5 is obtained at
p = 0.5, as in (5).

Aiming at neutralizing the coin bias, a second, natural attempt is to use
a straightforward translation of von Neumann’s idea based on the perceived
sounds. After the initial toss, which sets the first base value, the coin is tossed
twice in a row. Player 1 wins with a Cl-Wh sequence, Player 2 wins with a
Wh-Cl sequence. If any other sequence occurs, the game proceeds with another
turn of two coin tosses. Is the game now fair, regardless of the coin bias? We
show that it is not, except again if p = 0.5.

To calculate the probability P1 that Player 1 wins the game, let FH and F

T

denote the events where the initial toss results heads (H) or tails (T), respec-
tively, so that

P1 = Pr{P1 | FH} · Pr{FH}+ Pr{P1 | FT } · Pr{FT }

by the law of total probability. By letting P

H
1 = Pr{P1 | FH} and P

T
1 =

Pr{P1 | FT }, we can write

P1 = P

H
1 · p+ P

T
1 · (1� p). (6)

We now obtain P

H
1 conditioned on the results of the two coin tosses that

followed the initial toss (whose result was heads, by definition):

3
Except for the initial toss, as mentioned above.
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• [base H] H-H — this sequence yields two hand claps, no player wins yet,
and the probability that Player 1 eventually wins is still PH

1 due to the
memorylessness of the process, which now starts over with a new turn of
two tosses still having heads as base value;

• [base H] H-T — this gives a Cl-Wh sequence, and victory is awarded to
Player 1;

• [base H] T-H — we have two whistles and no winner, hence the probability
of Player 1 winning is still PH

1 , as in the case H-H;

• [base H] T-T — a whistle followed by a hand clap: victory goes straight
to Player 2.

Using again the law of total probability, we can write

P

H
1 =

X

S2S
Pr{PH

1 | S} · Pr{S}

= P

H
1 · p2 + 1 · p(1� p) + P

H
1 · (1� p)p+ 0 · (1� p)2,

where S = {H-H, H-T, T-H, T-T} is the set of events associated to the two
coin tosses that follow the initial toss, as mentioned above. After some easy
manipulations, we obtain

P

H
1 = p. (7)

An analogous argument shows that

P

T
1 = 1� p. (8)

By plugging (7) and (8) into (6), we obtain P1 = p

2+(1�p)2 = 2p2�2p+1.
This is again the same expression as in (5), which has minimum value 0.5 at
p = 0.5. In short, the game is only fair when the coin itself is fair.

Before proceeding, it is interesting to notice that here—unlike the coin game
proposed in Section 2, where a probability of heads around 0.5± 0.3536 would
maximize a player’s winning odds—the greater the coin bias, the greater the
probability that Cl-Wh wins over Wh-Cl, in spite of the apparent symmetry of
both strategies. One could try this game against an inadvertent opponent (per-
haps someone who erroneously regard it as being equivalent to von Neumann’s
method). However, using a similar reasoning as in the calculation of P1, we see
that the expected number of tosses before the game finishes (disregarding the
initial toss) is 1/(p � p

2), as in von Neumann’s method. This fact cannot be
overlooked. For example, when the coin is so biased that p = 0.999, though the
Cl-Wh player has a winning probability of 98.02%, the coin needs to be tossed
1001 times on average before the game has a winner!

In the next section, we look into a variation that successfully shields the
players from whatever bias the concealed coin might have (provided both sides
appear with non-zero probability).
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Not	  fair!	  

Player	  2:	  W-‐Cl	  



Third	  aoempt:	  Cl-‐W	  vs.	  W-‐Cl	  (4	  flips	  per	  turn)	  
Player	  1:	  Cl-‐W	   Player	  2:	  W-‐Cl	  

or	  

H	  	  	  H	  	  	  	  	  	  	  	  	  	  	  	  T	  	  	  	  H	  
	  	  	  	  	  	  	  Cl	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  W	  

H	  	  	  H	  	  	  	  	  	  	  	  	  	  	  	  H	  	  	  	  T	  
	  	  	  	  	  	  	  Cl	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  W	  

or	  

T	  	  	  T	  	  	  	  	  	  	  	  	  	  	  	  T	  	  	  	  H	  
	  	  	  	  	  	  	  	  Cl	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  W	  

T	  	  	  T	  	  	  	  	  	  	  	  	  	  	  	  H	  	  	  	  T	  
	  	  	  	  	  	  	  Cl	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  W	  

or	  

or	  

H	  	  	  T	  	  	  	  	  	  	  	  	  	  	  	  H	  	  	  	  H	  
	  	  	  	  	  	  	  W	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Cl	  

T	  	  	  H	  	  	  	  	  	  	  	  	  	  	  	  H	  	  	  	  H	  
	  	  	  	  	  	  	  W	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Cl	  

or	  

H	  	  	  T	  	  	  	  	  	  	  	  	  	  	  	  T	  	  	  	  T	  
	  	  	  	  	  	  	  W	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Cl	  

T	  	  	  H	  	  	  	  	  	  	  	  	  	  	  	  T	  	  	  	  T	  
	  	  	  	  	  	  	  W	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Cl	  

or	  

.	   .	  

.	   .	  

.	   .	  

.	   .	  

.	   .	  

.	   .	  

.	   .	  

.	   .	  
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	  	  	  	  	  	  	  W	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Cl	  

T	  	  	  H	  	  	  	  	  	  	  	  	  	  	  	  H	  	  	  	  H	  
	  	  	  	  	  	  	  W	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Cl	  

or	  
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	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  1	  
	  

	  –	  2p4	  +	  4p3	  –	  3p2	  +	  p	  

.	   .	  

.	   .	  

.	   .	  

.	   .	  

.	   .	  

.	   .	  

.	   .	  

.	   .	  
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	  –	  2p4	  +	  4p3	  –	  3p2	  +	  p	  

expected	  #	  flips	  (regular	  von	  Neumann’s)	  	  	  	  	  =	   	  	  	  	  	  	  	  1	  
	  

	  p	  (1	  –	  p)	  
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	  p	  (1	  –	  p)	  

÷	  

	  	  	  	  	  	  	  	  	  	  	  1	  
	  

	  2p2	  –	  2p	  +	  1	  =	  

for	  0	  <	  p	  <	  1,	  this	  means	  up	  to	  twice	  the	  number	  of	  flips!!	  

Third	  aoempt:	  Cl-‐W	  vs.	  W-‐Cl	  (4	  flips	  per	  turn)	  



Our	  method:	  W*-‐Cl	  vs.	  W*-‐W	  (2	  flips	  per	  turn	  +	  final)	  

Player	  1:	  W*-‐Cl	  

or	  

……….H	  	  	  	  	  	  	  H	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  W*	  	  	  Cl	  	  	  	  

..……..T	  	  	  	  	  	  	  	  T	  
	  	  	  	  	  	  	  	  	  	  	  	  W*	  	  	  Cl	  

Player	  2:	  W*-‐W	  

	  W*	  	  :=	  	  a	  whistle	  of	  even	  parity 

.	  

.	  
or	  

……….H	  	  	  	  	  	  	  T	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  W*	  	  	  W	  	  	  	  

..……..T	  	  	  	  	  	  	  	  H	  
	  	  	  	  	  	  	  	  	  	  	  	  W*	  	  	  W	  

.	  

.	  
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4.2 Fair game with a concealed biased coin.

We want to devise a coin game with the following properties:

1) the coin is possibly biased, yet the exact bias is unknown to the players;

2) both players have equal chances of winning;

3) the actual coin results are not revealed, but it is possible to infer whether
any two consecutive coin tosses yielded the same result.

The two first conditions are the usual ones. Ideally, we would like to cope
with the third, new condition without incurring any increase in the expected
duration of the game.

First, let us consider the natural solution of tossing the coin four times,
considering the sounds X and Y produced after the second and fourth tosses,
respectively. Player 1 wins with a Cl-Wh sequence, Player 2 wins with Wh-
Cl, and the other possible sequences are discarded, triggering four fresh tosses
of the coin. By doing so, X and Y are clearly independent, and this approach
corresponds exactly to von Neumann’s idea, therefore assuring a fair game. The
obvious drawback is that it is twice as long.

Now consider the following variation. The main action consists of tossing
the coin two consecutive times, whose results we call respectively A and B,
constituting a turn. If a whistle is heard after the second toss (meaning B 6= A),
then a third coin toss—whose result we call C—will decide the game. Player 1
wins if C 6= B (indicated by the subsequent whistle), Player 2 wins if C = B

(indicated by the subsequent hand clap). On the other hand, if the sound alert
after the second coin toss is a hand clap (meaning B = A), then the game
continues with a fresh turn of two coin tosses that will set the values of A and B

from scratch, configuring a perfectly memoryless process. Note that an initial
toss that would set a base value prior to the first turn is not even necessary
here, since the players only care about sound alerts that come with even parity
(after the second, fourth, sixth etc. tosses) until a whistle with even parity is
heard for the first time. When it eventually happens, a single, decisive extra
toss closes the game.

Theorem 4. The proposed coin game, where Player 1 wins with a whistle of
even parity immediately followed by another whistle, and Player 2 wins with a
whistle of even parity immediately followed by a hand clap, is a perfectly fair
game, no matter the probability of heads 0 < p < 1 of the employed coin.

Proof. Let A and B be the results of the two coin tosses that preceded the
first whistle with even parity. That very whistle indicates B 6= A. The next
coin toss, whose result we call C, will decide the game in Player 1’s favor if
C 6= B, and in Player 2’s favor if C = B. Using a simple (tails ! 0, heads ! 1)
mapping, those three results are clearly independent Bernoulli random variables
with success probability p. Thus, by Corollary 3, both players have identical
probabilities

Pr{C 6= B | B 6= A} = Pr{C = B | B 6= A} = 0.5
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Thank	  you!	  
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